Abstract: A review of hysteresis models for soil-water characteristic curves is presented. The models can be categorized into two groups: (i) domain models (or physically based models) and (ii) empirical models. Some models are capable of predicting scanning curves, while other models are capable of predicting the boundary wetting curve and the boundary drying curve. A comparison of the ability of five selected models to predict the boundary wetting curve showed that the Feng and Fredlund model with enhancements by Pham, Fredlund, and Barbour appears to be the most appropriate model for engineering practice. Another comparison among five physically based models for predicting scanning curves showed that the Mualem model-II gives the best overall prediction of scanning curves. The study showed that taking the effect of pore blockage into account does not always give a better prediction of hysteretic soilwater characteristic curves. A scaling method for estimating the initial drying curve, the boundary wetting curve, and the boundary drying curve is also presented in the paper.
Introduction
The functional relationship between water content and soil suction, referred to as the soil-water characteristic curve (SWCC), plays a central role in understanding the behavior of an unsaturated soil. Soil-water characteristic curves have been used to estimate the hydraulic conductivity, shear strength, volume change, and aqueous diffusion functions of unsaturated soils (Fredlund and Rahardjo 1993; Vanapalli et al. 1996; Barbour 1998; Lim et al. 1998; Fredlund 2000) .
The SWCC is hysteretic, (i.e., the water content at a given suction for a wetting path is less than that for a drying path). The names given to the hysteretic branches of the SWCCs are shown in Fig. 1 . Aside from the primary curves; the initial drying curve, the boundary wetting curve, and the boundary drying curve, there are an infinite number of scanning curves inside the hysteresis loop. The difference in water content between the wetting and drying processes is believed to be caused by the following (Klausner 1991) : (i) Irregularities in the cross-sections of the void passages or the "ink-bottle" effect (Haines 1930 ). (ii) The contact angle being greater in an advancing meniscus than in a receding meniscus. (iii) Entrapped air, which has a different volume when the soil suction is increasing or decreasing. (iv) Thixotropic regain or aging due to the wetting and drying history of the soil. The hysteretic nature of the SWCC has been known for a long time but in many routine engineering and agriculture applications the SWCCs are often assumed to be nonhysteretic since the measurement of a complete set of hysteretic SWCCs is extremely time consuming and costly, and it has been difficult to represent these curves in a simple mathematical form for use in analyses.
The objectives of the paper include: (i) a review of the most appropriate hysteresis models from the literature that predict the boundary wetting curve and scanning curves; and (ii) development of a simple method for estimating the hysteretic curves. These objectives are addressed through a review of the historical development of hysteresis models; a comparison of selected models using datasets collected from the literature; and a statistical analysis of the relationships among the primary hysteretic curves.
Historical development of hysteresis models
The various models used to predict hysteretic SWCCs can be classified into two categories: physically based models (domain models) and empirical models. The review and classification of 28 hysteresis models found in the research literature are presented in this section.
Numerous researchers have used domain models to present the hysteresis phenomena including the Enderby (1955) diagram, Preisach (1935 ) diagram, and Néel (1942 , 1943 diagram. The Néel (1942 Néel ( , 1943 method has been used extensively by Everett (1954 Everett ( , 1955 , Poulovassilis (1962) , Philip (1964) , Topp (1971a Topp ( , 1971b , Mualem (1973) , and Parlange (1976 Parlange ( , 1980 to represent the hysteresis of the SWCC. The original Néel (1942 Néel ( , 1943 diagram has also been used to describe the hysteresis associated with the shape of magnetic hysteresis curves at low field strength (Everett 1955) .
The Néel diagram assumes that the soil pore exists in one of two states; full of water or empty. The state of a pore can be characterized by two values of soil suction; namely, (i) drying soil suction, ψ d ; and (ii) wetting soil suction, ψ w . When soil suction increases to the drying soil suction of the pore, ψ d , then the pore is fully drained. When soil suction decreases to the wetting soil suction of the pore, ψ w , then the pore is filled. A domain is composed of a group of pores that are controlled by two small suction ranges; namely, (i) wetting soil suction from ψ w to (ψ w + dψ w ) and (ii) drying soil suction from ψ d to (ψ d + dψ d ). A porous body is a system made up of domains.
When the behavior of the domain is not a function of the adjacent domains, the domain is said to be "independent."
The behavior of the particular pore depends only on a range of soil suctions. Therefore, the model is called an "independent domain" model. A "dependent domain" model takes into account the effect of the surrounding pore blockages against the entry of water or air into the pore. Dependent models can be developed from an independent model. In other words, an independent model can be obtained from a simplified dependent model. Dependent models that have been developed from independent models include: Everett (1967) , Topp (1971a) , Poulovassilis and Childs (1971) , Mualem and Dagan's model-III (1975) , Poulovassilis and El-Ghamry (1978) , Mualem and Miller's model-IIIexpl (1979) , and Mualem (1984b) .
According to the theory of domain models, the water content in a soil can be described using a three-dimensional water distribution diagram, as plotted in Fig. 2b . When soil suction increases to ψ max , the water content in the domain is a minimum, θ min , and when soil suction decreases to ψ min , the water content is a maximum, θ u (Fig. 2a) . After the initial drying process, the maximum water content in the soil is no longer the water content at saturation due to entrapped air. The points (ψ max , θ min ) and (ψ min , θ u ) define the meeting points of the two boundary curves at high and low soil suctions, respectively. The water distribution function, f, at a point (ψ d 1 , ψ w 1 ) represents the volume of a group of pores in the domain that has a drying soil suction of ψ d 1 and a wetting soil suction of ψ w 1 . It explains how water content in a domain can be specified as a function of two independent variables, ψ d and ψ w . All the domains in the system can be identified according to the specified soil suction range of ψ w and ψ d as shown by a three-dimensional Néel diagram (1942 Néel diagram ( , 1943 .
The drying soil suction, ψ d is always larger than the wetting soil suction, ψ w ; therefore, all domains in the system are located in the triangle, ABC. The values of the function f (ψ d , ψ w ) outside the triangle ABC are equal to zero. The maximum water content in the soil (i.e., the water content at which the two boundary curves converge at low soil suction), θ u , can be expressed as follows (Fig. 3) :
The conventional notations used by researchers for describing the water content along the boundary SWCCs and the scanning SWCCs are adopted in this paper:
is the water content on the boundary drying curve at a soil suction of ψ, θ w (ψ) is the water content on the boundary wetting curve at a soil suction of ψ, θ d (ψ 1 , ψ) is the water content at a soil suction of ψ along the primary drying scanning curve starting at a soil suction of ψ 1 on the boundary wetting curve, and θ w (ψ 2 , ψ) is the water content at a soil suction of ψ along the primary wetting scanning curve starting at a soil suction of ψ 2 on the boundary drying curve. Everett (1954 Everett ( , 1955 used the Néel (1942 Néel ( , 1943 diagram to describe the wetting and the drying processes in a soil ( Fig. 3a) . When the soil is drying, the vertical line passing through a suction of ψ moves from left to right. Similarly, when the soil is wetting, a horizontal line passing through a soil suction of ψ is moving downward. The filled areas in Fig. 3a and 3b describe groups of pores that are filled with water. The water content along the boundary drying curve at any specified soil suction, ψ, can be calculated as follows ( Fig. 3b) : Néel (1942 Néel ( , 1943 diagram.
Fig. 3.
Boundary drying and boundary wetting processes in a soil and the corresponding Néel (1942 Néel ( , 1943 diagram. (a) Boundary drying and wetting curves. (b) Néel (1942 Néel ( , 1943 diagram for boundary drying process. (c) Néel (1942 Néel ( , 1943 diagram for boundary wetting process.
[2]
The water content along the boundary wetting curve at any specified soil suction, ψ, can likewise be calculated as follows ( Fig. 3c) :
The water content along the drying scanning curves starting at a soil suction of ψ 1 on the boundary wetting curve can be calculated as follows (not shown in the figure):
The water content along the wetting scanning curve starting at a soil suction of ψ 2 on the boundary drying curve can be calculated as follows (not shown in the figure):
It is assumed that at soil suctions higher than ψ max and at soil suctions lower than ψ min , all hysteretic SWCCs are coincident. The system is calibrated once the values of the function, f(ψ d , ψ w ), within the areas of the triangle, ABC, are known. Mualem (1974) proposed a diagram that is similar to the Néel (1942 Néel ( , 1943 diagram. Two variables; namely, normalized neck pore diameter, r , and normalized body pore diameter, ρ, are used to define points corresponding to the drying soil suction variable, ψ d , and the wetting soil suction variable, ψ w , on the Néel (1942 Néel ( , 1943 diagram shown in Fig. 4 . The normalized pore diameter R can be defined as follows:
where R is the pore diameter, R min is the minimum pore diameter in the domain, and R max is the maximum pore diameter in the domain. Using the Mualem (1974) diagram, the water content along the boundary drying curve, θ d , at any specified soil suction equivalent to R , can be calculated as follows (Fig. 4b) :
The water content along the boundary wetting curve, θ w , at any specified soil suction equivalent to R , can likewise be calculated as follows (Fig. 4c) :
Hysteresis in the SWCC is well described using either of the above two diagrams; however, to calibrate the model, the values of the water distribution, f(ψ d , ψ w ), at any pair of soil suctions (ψ d , ψ w ) (or equivalent normalized pore diameters (r , ρ) must be known. Poulovassilis (1962) was the first researcher to solve the hysteresis problem for an actual soil using the Néel (1942 Néel ( , 1943 diagram. Poulovassilis (1962) divided the entire range of soil suctions (i.e., between the points of convergence on the boundary hysteresis curves) into n intervals of soil suction (Fig. 5) . To calibrate the model completely, values for each small square in Fig. 5 must be known. There are (n 2 + n)/2 unknowns, while the two boundary curves could provide only 2n equations. Therefore, additional scanning curves need to be measured to calibrate the model. Poulovassilis (1962) found that in addition to the two boundary curves, a series of the scanning wetting curves must be measured to predict drying scanning curves and vice versa. The same problem also occurs for the Mualem (1974) diagram. Philip (1964) was the first researcher to propose "a similarity hypothesis" to simplify the required data for calibration. The hypothesis states that "the distribution of geometrical relationships between wetting and drying meniscus curvatures is independent of pore size" and can be expressed mathematically as follows:
where l(ψ w ) and h(ψ d /ψ w ) are two functions of soil suctions. Philip (1964) used the Néel (1942 Néel ( , 1943 diagram to describe hysteresis of the SWCC. With the similarity hypothesis, the Philip (1964) model requires only two boundary hysteresis curves for calibration. Mualem (1973) proposed a different similarity hypothesis, which states: "The water distribution function can be presented as a product of two independent distribution functions." Mathematically, the Mualem (1973) similarity hypothesis can be expressed as follows:
where l(ψ w ) and h(ψ d ) are two functions of soil suctions.
The Mualem (1973) similarity hypothesis has been applied in a series of hysteresis models proposed by Mualem, including Mualem (1973 , 1974 , 1977 , 1984a , 1984b , and provides significant improvement in the practical application of the domain hysteresis models. The domain hysteresis models for the SWCC can now be divided into four main groups: (1) independent models that apply the similarity hypothesis; (2) dependent models that apply the similarity hypothesis; (3) independent models without the similarity hypothesis; and (4) dependent models without the similarity hypothesis. A flow chart describing the historical development of 17 domain physically based hysteresis models for SWCCs is shown in Fig. 6 .
Besides a number of domain models, there are several empirical models for hysteretic SWCCs (i.e., Hanks et al. 1969; Dane and Wierenga 1975; Scott et al. 1983; Jaynes 1984; Nimmo 1992; Kawai et al. 2000; Feng and Fredlund 1999; Karube and Kawai 2001) . These models are simply based on fitting the observed shape of the hysteretic SWCCs to a selected equation using empirical parameters. The empirical hysteresis model for the SWCC can be divided into two subgroups: (1) models that simply use the same curve fitting equation for both the wetting and drying curves but adjust the value of the parameters in each equation independently; and (2) models that rely on relationships between the two boundary curves based on specified points or slopes taken at specified points. A flow chart describing the historical development of 12 empirical hysteresis models for SWCCs is shown in Fig. 7 . A summary of 28 hysteresis models is presented in Table 1 .
Comparison of the models
Several studies have compared the predictions of the various hysteresis models (Jaynes 1984; Viaene et al. 1994 ). However, these comparisons have been based on relatively few models and datasets. In this paper, a dataset of 34 soils have been compiled and are used to compare selected models. Two comparisons are made in this paper: (1) a comparison of five models to predict the boundary wetting curve; and (2) a comparison of five other physically based models in predicting scanning curves.
Comparison criteria
The following comparison criteria are used: R squared and absolute percentage deviation (APD). The two criteria are applied to 100 points on the predicted hysteresis curves. These 100 points are determined by dividing each hysteresis Feng and Fredlund (1999) model
One boundary curve and one specified point on the other boundary curve 
where w pr is the predicted water content at a suction, and w ms is the measured water content at a suction.
Collection of the hysteretic SWCC
Thirty-four experimental datasets of hysteretic SWCCs for different soils were collected from the research literature. Only soils having both boundary hysteresis curves were selected. The hysteretic SWCCs were selected based on the completeness of the data and the range of soil suctions. The curves presented by the researchers as best representing their measured data were scanned and digitized. Information on the 34 soils is presented in Table 2 and includes six glass beads, a ceramic stone, 14 sands, six sandy loams, five silt loams, and two clay loams. Most collected soils are sandy in nature. It is assumed that there is negligible volume change for all the soils upon wetting and drying processes; therefore, the collected soil datasets can be converted and used in terms of gravimetric water content and degree of saturation.
Comparison of models on predicting the boundary wetting curve
Previous comparison studies have focused primarily on the scanning curves (Jaynes 1984; Viaene et al. 1994 ). Most models require at least two boundary curves to predict scanning curves. Five hysteresis models for predicting the boundary wetting curve were selected for evaluation in this study. These models were selected primarily because of their relative simplicity and the limited amount of data required for calibration. The following models are compared: Mualem (1977) ; Mualem (1984a) ; Hogarth et al. (1988) ; Feng and Fredlund (1999) ; and a simplified version of the Feng and Fredlund (1999) model. The first three models: Mualem (1977) , Mualem (1984a) , and Hogarth et al. (1988) are domain models that utilize a similarity hypothesis. A brief description of each of these models is presented below.
Mualem (1977) model
The Mualem (1977) universal model is a domain model that requires the boundary drying curve and water content at two meeting points. The meeting points are selected where the boundary drying and the boundary wetting curves coalesce. The Mualem (1977) universal model is a simplification of the Mualem (1974) model-II, which uses the Mualem (1974) diagram to describe the hysteretic process. The Mualem (1977) universal model uses the term effective degree of saturation to describe the amount of water in the soil. The effective degree of saturation S e can be calculated using eq.
[13].
[13] S e min u min
where θ u is the volumetric water content at the meeting point of the two boundary curves at low soil suction (i.e., close to the air entry value); and θ min is the volumetric water content at the meeting point of the two boundary curves at high soil suction (i.e., close to the residual soil suction). The boundary wetting curve can be calculated from the boundary drying curve as follows:
where S d e is the effective degree of saturation along the boundary drying curve; and S w e is the effective degree of saturation along the boundary wetting curve.
Mualem (1984a) independent model
The Mualem (1984a) independent model was meant to be an improvement of the Mualem (1977) model. In addition to the boundary drying curve, a wetting scanning curve is needed to predict the boundary wetting curve. Mualem (1984a) presented mathematical transformations to obtain the relationships between a scanning curve and the two boundary curves. Considerable mathematical effort is required to obtain the relationships between the scanning curves and the two boundary hysteresis curves. Details of the Mualem (1984a) model can be found in the original paper.
The predicted boundary wetting curve consists of two parts; from zero soil suction to the suction at the starting point of the scanning curve, and values of soil suction greater than the suction at the starting point of the scanning curve. The first part of the boundary wetting curve is predicted using both the boundary drying curve and the scanning curve, while the second part is predicted using only the boundary drying curve (Mualem 1977) . The water content along the boundary wetting curve can be expressed as follows: 
where ψ is soil suction; ψ sm is the soil suction at the starting point of the additional wetting scanning curve on the boundary drying curve; S w e (ψ) is the effective degree of saturation along the boundary wetting curve at a soil suction of ψ; S d e (ψ) is the effective degree of saturation along the boundary drying curve at a soil suction of ψ; and S ws e (ψ sm , ψ) is the effective degree of saturation along the additional wetting scanning curve at a soil suction of ψ.
Hogarth, Hopmans, Parlange, and Haverkamp (1988) model
The Hogarth et al. (1988) model is an extension of the Parlange (1976 Parlange ( , 1980 model, which uses the Néel (1942 Néel ( , 1943 diagram to describe the hysteretic processes in soils. By applying the Brooks and Corey (1964) equation to fit the SWCC, mathematical problems near the inflection point in the Parlange (1976 Parlange ( , 1980 model are resolved. In addition to the boundary drying curve, the water entry value of the soil is needed to predict the entire boundary wetting curve. The equation for presenting the boundary drying curve can be written as follows: where ψ ae is a curve-fitting parameter that represents the air entry value of the soil; ψ we represents the water entry value of the soil; and λ is a curve-fitting parameter.
It is assumed that the water entry value can be estimated for the soil. Two curve-fitting parameters; ψ ae and λ, are obtained from a "best-fit" of eq.
[16] to the measured boundary drying curve. The equation for the boundary wetting curve can be expressed as follows: where ψ max is the value of the soil suction at the meeting point of the two boundary curves at high suction; and θ ae = θ u /(1 + λ -λ(ψ we /ψ ae ).
Feng and Fredlund (1999) with enhancements by Pham, Fredlund, and Barbour (2003)
The Feng and Fredlund (1999) model is an empirical relationship that utilized the boundary drying curve and two points on the boundary wetting curve to predict the entire boundary wetting curve. Both the boundary drying curve and the boundary wetting curve are presented using the Feng and Fredlund (1999) The residual water content and the water content at zero soil suction, (w u ) are assumed to be the same for both boundary curves. Once the boundary drying curve is measured in the laboratory, two curve-fitting parameters for the boundary wetting curve are known (i.e., w u and c). Two additional curve-fitting parameters; b w and d w , are required to predict the boundary wetting curve. To find these parameters, two additional points on the boundary drying curve are required. The two additional points must be easy to locate and measure. Pham et al. (2003) suggested that the position of the first point on the boundary wetting curve be defined as a point having a soil suction of ψ 1 such that The soil suction at the second additional point, ψ 2 , can be determined from the following equation: 
Simplification of the Feng and Fredlund (1999) model
The simplified version of the Feng and Fredlund (1999) model assumes that the boundary wetting curve and the boundary drying curve are parallel when soil suction is plotted on a logarithmic scale. Consequently, only one point on the boundary wetting curve is required to calibrate the model.
Parameter d controls the slope of the curve in eq.
[18] and can be set to the same value for both the boundary drying and the boundary wetting curves. The curve-fitting parameter b w for the boundary wetting curve can be calculated as follows:
where w u is the water content on the boundary drying curve at zero soil suction; ψ 1 and w 1 are the soil suction and the gravimetric water content of the additional point on the boundary wetting curve, respectively; and c and d are the curvefitting parameters obtained by fitting the boundary drying curve.
Predictions of the boundary wetting curve using five selected models
The five models were used to predict the boundary wetting curves for the 34 soil datasets. The Mualem (1984a) independent model provides a less accurate result if an additional wetting scanning curve starting at a lower soil suction is used (i.e., the model requires an additional wetting scanning curve to predict the boundary wetting curve). In the comparison process, the required wetting scanning curve for the Mualem (1984a) independent model was selected as the available wetting scanning curve starting at the highest soil suction of each soil (i.e., not the boundary wetting curve). Of the 34 soils collected for the database, only 25 soil datasets had at least one wetting scanning curve. Therefore, the Mualem (1984a) independent model could only be applied to 25 soil datasets. The water entry value used in the calculation of the Hogarth et al. (1988) model was estimated from the measured boundary wetting curve (see Fig. 11 ). The predicted boundary wetting curves for the Caribou silt loam (Topp 1971b ) using the five models are presented in Figs. 9-13.
The five models were ranked for each soil based on the two criteria (i.e., R squared and APD). Tables 3 and 4 present the ranking of the five models (i.e., rank from first to fifth) for 34 soils. The average values of the two criteria for all soils and the overall ranking for the five models are also shown in Tables 3 and 4 . The results show that the Feng and Fredlund (1999) model enhanced by Pham et al. (2003) appears to be the most accurate (i.e., first position for 23 out of 34 soils) followed by the Mualem (1984a) independent model (i.e., first position for 9 out of 34 soils). The Hogarth et al. (1988) model gave the third most accurate set of results. The Mualem (1977) model and the simplified version of the Feng and Fredlund (1999) model gave accurate results in some cases. The results also show good agreement between the two statistical criteria (i.e., APD and R squared).
It appears that using only the boundary drying curve may not be sufficient to predict the entire boundary wetting curve (e.g., Mualem (1977) model). The Hogarth et al. (1988) and the simplified version of the Feng and Fredlund (1999) models seem to predict better for poor graded soils. The Feng and Fredlund (1999) model enhanced by Pham et al. (2003) requires relatively simple and easily measured data for calibration. In general, it may be necessary to test a series of soil suction decrements in the laboratory to determine the water entry value as required for the Hogarth et al. (1988) model.
Comparison of models for predicting scanning curves
Viaene et al. (1994) compared 6 models: (1) Mualem In this section, five physically based hysteresis models for predicting the scanning curves are compared. In addition to the two best from Viaene et al. (1994) (i.e., Mualem (1974) and Mualem (1984b) models), three other models are selected for comparison: (1) Mualem and Miller (1979) model-III expl ; (2) Mualem (1984a) independent model; and (3) Hogarth et al. (1988) model. The selection of the five models was based on the criteria that the models must be physically based and easy to use, requiring relatively simple data for calibration. Of the five models, only the Hogarth et al. (1988) model uses the Néel (1942 Néel ( , 1943 diagram. The remainder utilized the Mualem (1974) diagram. The five hysteresis models apply the "similarity hypothesis" to reduce the amount of measured data required for calibration. A brief description of the theories associated with the models is given in the following sections.
Mualem (1974) model-II
Mualem (1974) model-II allows the prediction of the scanning curves from two boundary curves. The drying scanning curve starts at a suction ψ 1 on the boundary wetting curve and can be calculated as
where θ w (ψ) is the water content on the boundary wetting curve at suction, ψ; θ d (ψ) is the water content on the boundary drying curve at suction, ψ; and θ u is the water content at the meeting point of the two boundary curves at high soil suction. The wetting scanning curve starting at suction ψ 2 on the boundary drying curve can be calculated as follows:
Fig. 13. Predicted and measured boundary wetting curves for the Caribou silt loam (Topp 1971b ) applying the simplified Feng and Fredlund (1999) Table 4 . Ranking of the five soil-water hysteresis models for predicting the boundary wetting curve based on R squared.
Mualem and Miller (1979) model-III expl
The Mualem and Miller (1979) model-III expl was meant to be an improvement of the Mualem and Dagan (1975) The drying scanning curve starting at a soil suction, ψ 1 , on the boundary wetting curve can be calculated as follows:
The wetting scanning curve starting at suction, ψ 2 , on the boundary drying curve can be calculated by
where P d * is a function of water content calculated by the Mualem (1974) model-II (i.e., not taking into account the effect of pore blockage).
The function H(ψ) can be calculated as follows:
where θ 0 is the water content at calculated suction on the boundary drying curve (i.e., without the pore blockage effect); θ 02 is the water content at the suction ψ 2 on the boundary drying curve (i.e., without the pore blockage effect); and θ 0L is the limit water content that pore blockage takes effect at (i.e., P d * = 1 for θ 0 > θ 0L ). The model involves a complex derivation and more details can be found in the original paper (Mualem and Miller 1979) .
Mualem (1984a) independent model
The Mualem (1984a) independent model has the same assumptions as the Mualem (1977) model. Better results can be obtained with the aid of an additional wetting scanning curve. To predict scanning curves, the boundary wetting curve must first be calculated using eq. [15]. The scanning curves can then be calculated using the equations presented for the Mualem (1974) model-II.
Mualem (1984b) dependent model
The Mualem (1984b) dependent model requires the two boundary hysteresis curves to predict the scanning curves. Similar to Mualem and Miller (1979) model-III expl , this model takes into account the effects of pore blockage by adding a pore blockage function (P d ). In this model, P d is a function of the actual water content. It is assumed that the pore blockage function, P d , is a function of actual water content on the boundary drying curve and can be expressed as follows:
The drying scanning curve starting at suction, ψ 1 , on the boundary wetting curve can be calculated as follows:
The wetting scanning curve starting at a suction, ψ 2 , on the boundary drying curve can be calculated as follows:
Hogarth, Hopmans, Parlange, and Haverkamp (1988) model The Hogarth et al. (1988) model is an improvement on the Parlange (1976 Parlange ( , 1980 ) models. This model requires the boundary hysteresis loop to predict the scanning curves. The boundary drying curve can be expressed using eq. [16] . The boundary wetting curve can be expressed using eq. [17] . The drying scanning curve starting from a soil suction, ψ 1 , on the boundary wetting curve can be expressed as follows: [17] yields an equation for calculating the wetting scanning curve starting at a suction, ψ 2 , on the boundary drying curve.
Predictions of scanning curves of the five selected models
In this comparison, equations proposed for the boundary hysteretic curves in the Hogarth et al. (1988) model were best-fitted to the measured data to obtain better input parameters for the model (i.e., ψ ae , λ, and ψ we ). The wetting scanning curve starting at the highest soil suction that is available for each soil was used as the input wetting scanning for the Mualem (1984a) independent model. The drying scanning curve starting at a water content approximately 50% of the effective degree of saturation of each soil was used as the input drying scanning curve for the Mualem and Miller (1979) model-III expl .
The comparison considered predictions of the wetting scanning and drying scanning curves starting at relatively low water contents (i.e., less than 50% of the effective degree of saturation) and relatively high water contents (i.e., higher than 50% of the effective degree of saturation), separately. The two statistical criteria were calculated for all predicted scanning curves of 28 soils using the five models. The ranking (i.e., rank from first to fifth) of the models based on the two criteria is presented in Tables 5 and 6 . Average values of the two criteria for all soils and the overall ranking for the five models are also shown in Tables 5 and 6 . The predictions of the scanning curves for the Caribou silt loam soil (Topp 1971b ) using the five models are shown in Figs. 14-18. The results show that there is an agreement between the two statistical criteria (i.e., R squared and APD).
The APDs ranking appears to be more consistent with a visual inspection of the goodness of fit.
The Mualem (1974) model is the most appropriate model for predicting the scanning curves. The Mualem (1984b) dependent model can predict drying scanning curves starting at relative high water contents (i.e., higher than 50% of the effective degree of saturation) better than the Mualem (1974) model. The pore blockage function was taken into account only for the drying processes. Therefore, predictions of the boundary wetting curve for the Mualem (1974) model-II, Mualem and Miller (1979) model-III expl , and Mualem (1984b) dependent model are similar. The differences among the calculated wetting curves for these models are caused by the calculation procedures and the input data used in the models. The Mualem and Miller (1979) model-III expl predicts the drying scanning curve well with the aid of an additional drying scanning curve. Some mathematical difficulties were encountered for some soils when using the Mualem and Miller (1979) model-III expl , and the pore blockage function (P d ) cannot be determined. When an additional wetting scanning curve, starting at high suction, was used for calibration, the Mualem (1984a) independent model accurately predicted the wetting scanning curve starting at a lower suction. The Hogarth et al. (1988) model was not able to predict scanning curves well since the equations proposed for the boundary drying and boundary wetting curves did not fit the measured data well. The model appears to predict better for poor-graded soils.
A simple method for estimating the hysteretic SWCCs
The SWCCs of many soils are available in the literature, but in most cases, only the initial drying curve has been measured. There are several models for predicting the boundary wetting curve from the boundary drying curve and vice versa. However, in addition to the boundary drying curve, these models require additional information, such as the water contents at the two meeting points along the boundary curves or two points along the boundary wetting curve when predicting the boundary wetting curve (Pham et Mualem (1974) model-II Mualem and Miller (1979) 2003) . In this section, a statistical analysis was carried out on the relationships among the three key SWCCs (i.e., the initial drying curve, the boundary wetting curve, and the boundary drying curve) for the soils in the dataset used above. A scaling method for estimating the three key SWCCs of the soils is then presented.
Relationships among hysteretic SWCCs
There are four important parameters associated with any SWCC; namely, the water content at zero soil suction, the air entry value (or water entry value), the slope of the curve, and the residual water content (Fig. 19) . Once the information on these four parameters is available, it is possible to construct the entire SWCC. The residual water contents obtained from the initial drying curve, the boundary drying curve, and the boundary wetting curve are quite similar when the soil has been dried to a soil suction beyond the residual suction. The water content at zero soil suction on the initial drying curve is the water content at saturation, while the water content at zero soil suction on the boundary hysteresis curve is approximately equal to 90% of that at saturation (Rogowski 1971) . To study the relationship among the key hysteretic SWCCs for a soil, the following features of (Topp 1971b ) applying the Mualem and Miller's independent model (1979) with the aid of a drying scanning curve starting at a relatively high water content (i.e., w = 35%). (Topp 1971b ) applying the Mualem's independent model (1984a) with the aid of a wetting scanning curve starting at a relatively low water content. (Topp 1971b ) applying the Mualem model-II (1974) .
SWCCs were studied; namely, (i) the distance between the boundary drying and the boundary wetting curves, (ii) the relationship between the slopes of the boundary drying and the boundary wetting curves, and (iii) the air entry value of the initial drying and boundary drying curves. The distance between the boundary drying curve and the boundary wetting curve is defined as the horizontal distance between the inflection point of the boundary drying curve and the point having the same water content on the boundary wetting curve (Fig. 19) .
The Feng and Fredlund (1999) curve-fitting equation (eq. [18] ) was used to investigate these relationships. The equation has an inflection point that lies midway between the saturation water content and the residual water content (i.e., at a soil suction of b 1/d and water content of (w u + c)/2). The inflection points of the two boundary SWCCs have the same water content, and the line joining the two points is horizontal. The Feng and Fredlund (1999) curve-fitting equation expressed in terms of the degree of saturation is shown below
where S u is the degree of saturation on the boundary curves at zero soil suction; and b, c, and d are curve-fitting parameters. The degree of saturation at zero soil suction on the boundary hysteresis curves, S u , is not 100% because of the entrapped air. The differentiation of the Feng and Fredlund (1999) equation at a particular soil suction, ψ, can be expressed as follows:
where S is the degree of saturation; SL is the slope of the curve in the algebraic soil suction coordinate system; b, c, and d are fitting parameters for the SWCC; and S u is the degree of saturation at zero soil suction. The slope of the SWCC in the semilogarithmic suction coordinate system can be calculated as follows:
where SL is the slope of the curve in the algebraic soil suction coordinate system. The equation has an inflection point at a soil suction of b 1/d and a water content of (S u -c)/2. The slope of the SWCC at the inflection point on the semilogarithmic suction scale can be calculated as follows:
[37] SL ( ) ln 10
where S u is the degree of saturation on the boundary wetting curve; and b, c, and d are curve-fitting parameters.
The ratio between the slope of the boundary drying curve and the slope of the boundary wetting curve, R SL , can be calculated as follows: 
The distance between the two boundary hysteresis curves in the semilogarithmic soil suction coordinate system, D SL , can be calculated as follows:
where ψ 1 , ψ 1′ are soil suctions at inflection points on the boundary drying and boundary wetting curve, respectively.
A statistical analysis on the collected soil database A statistical analysis was carried out to investigate the relationships among features on the initial drying curve, the boundary drying curve, and the boundary wetting curve for the 34 soils (Table 2) . Volume changes of the collected soils are negligible; therefore the slope ratio, R SL , and the distance, D SL , between the two boundary curves are independent of the term describing the water content in the soil (i.e., gravimetric water content, volumetric water content, or degree of saturation). The slopes of the two boundary curves and the distance between the two boundary curves were calculated using both algebraic and semilogarithmic scales for suction. The calculated results are shown in Table 7 . From the statistical analysis, some suggested values for the slope ratio and the distance between the boundary curves and the boundary wetting curve are presented in Table 8 . The slope ratio depends on the extent of the soil suction applied to the soil prior to beginning the wetting. The ratio is believed to tend towards 1.0 once the applied drying suction exceeds the residual water content. The percentage deviation between the calculated values and the suggested values is also presented.
Only a few soil datasets have information on the initial drying curve. Calculations using the collected datasets show that the volume of air entrapped in the soil, (i.e., the difference in volumetric water content between the initial drying where w es is the water content on the estimated curve; w ms is the water content on the measured (actual) curve; and n is the number of measured points. Figure 20 shows that the estimated boundary drying curve for the Aiken clay loam (Richards and Fireman 1943) is quite close to the measured data. Figures 21 and 22 show that the estimated boundary wetting curves for the chalks and silty sands appear to be reasonable. The minimum R squared value is 0.94, and the maximum statistical residual value, RE, is 1.37. It appears that the estimation of the scaling method for the boundary wetting curve at high soil suctions is better than that at low soil suctions. The scaling method appears to be reasonable for use in geotechnical engineering practice.
Conclusions and recommendations
The application of unsaturated soil mechanics in geotechnical engineering requires that consideration be given to the hysteretic effects associated with the wetting and drying processes (i.e., SWCCs). A number of conclusions regarding hysteretic effects can be drawn from the results of the study reported in this paper:
(1) The hysteresis models for the SWCC can be categorized as domain models and empirical models. The domain theory has been well developed in related disciplines (Richards and Fireman 1943) obtained by scaling from the initial drying curve at 85%, 90%, and 95% saturated water content.
Fig. 21
. Estimated boundary wetting curves for the soft and hard chalks (Croney and Coleman 1954) . Fig. 22 . Estimated boundary wetting curves for the loose and dense silty sands (Croney and Coleman 1954 Table 9 . Chosen values for the slope ratio and the distance among the four boundary curves for chalks and silty sands and the calculated results.
(i.e., soil physics) and can be used to explain the physical phenomena associated with the hysteretic nature of the SWCC. (2) The Feng and Fredlund (1999) model is an empirical model, but it provides the closest prediction of boundary wetting curve for most soils used in this study. The Feng and Fredlund (1999) is a simple model requiring relatively few measured data for calibration and should be used in situations where one of the two boundary curves and two points on the other boundary curve can be measured. The Feng and Fredlund model (1999) can also be extended and used with other SWCC fitting equations (e.g., Fredlund and Xing 1994) . (3) The Mualem (1984a) independent model uses an additional scanning curve but does not predict the most accurate boundary wetting curve in all cases. The Mualem (1977) , Hogarth et al. (1988) , and the simplified version of the Feng and Fredlund (1999) model do not seem to be superior to the other models. The simplified Feng and Fredlund (1999) model is simple and requires few data for calibration, so the model may be useful to apply in certain situations. (4) The Mualem (1974) model appears to be the simplest and most accurate model for predicting scanning curves.
The other four models are more complex and require more data for calibration. Taking the effect of pore blockage into account does not always produce a better prediction of the scanning curves. It is recommended that the Mualem (1974) model be used in engineering practice where scanning curves are required. (5) There are particular ranges of values for the slope ratio and the distance between the two boundary curves for the soil datasets collected in this study. Values for the slope ratio between the two boundary curves on the semilogarithmic soil suction scale for sand, sandy loam, silt loam and clay loam, and compacted silt and compacted sand are: 2, 2.5, 1.5, and 1, respectively. Values for the distance between the two boundary curves on the logarithmic soil suction scale for sand, sandy loam, silt loam and clay loam, and compacted silt and compacted sand are: 0.2, 0.25, 0.5 and 0.35 (log-cycles), respectively. (6) Air entrapment in the soil during wetting appears to be about 5% to 15% of the volume of the soil. A value of 10% appears to be a reasonable assumption in engineering practice. (7) It is suggested that the scaling method be used to estimate other SWCC curves when only one of the three key SWCCs are known. The study in this paper is limited to the database of 34 soil datasets. It is recommended that this study be extended to a greater range of soil types.
